1. Introduction. In the absence of dissipation, smooth motions of nonlinear elastic materials will generally break down due to the formation of shocks (see, e.g., Lax [15] , MacCamy and Mizel [16] ). It is interesting to consider situations in which the destabilizing effects of a nonlinear elastic response compete with a dissipative mechanism. An important example of such a dissipative mechanism in an elastic material is the conduction of heat.
In classical one-dimensional thermoelasticity, heat conduction is assumed to be governed by Fourier's law. Although Fourier's law provides a description of heat conduction that is useful under a wide range of conditions, experiments on certain dielectric crystals at very low temperatures have produced results that are inconsistent with those predicted by Fourier's law (cf. the references cited in [2, 14] ). Whereas classical theory predicts an infinite speed of propagation for thermal disturbances, these crystals transmit such disturbances as wavelike pulses, travelling at finite speeds. This phenomenon is known as second sound. One of the earliest attempts to model second sound was made by Cattaneo [1] ,
In this paper, we establish the global existence of a smooth solution to the equations of one-dimensional nonlinear thermoelasticity when Fourier's law is replaced by Cattaneo's law. The second law of thermodynamics is used to restrict the forms of the constitutive relations for stress and internal energy. The constitutive relations, the laws of momentum balance and energy balance, and some assumptions motivated by physical considerations yield a hyperbolic system of equations. Thus a finite speed of propagation is predicted.
Although the dissipative effects of heat conduction induced by Cattaneo's law are not as strong as those induced by Fourier's law, there exists a unique globally defined classical solution to the initial-value problem provided the initial data are smooth and lie sufficiently close to equilibrium. Further, the solution will tend to equilibrium as time goes to infinity. Both the case of an unbounded body and the case of a bounded body with pinned and insulated ends are treated. When the body occupies the entire real line, some relations associated with the second law of thermodynamics are exploited to make up for the lack of a Poincare inequality.
Some results have already been obtained for a rigid body in which the conduction of heat is governed by Cattaneo's law. Coleman, Fabrizio, and Owen [4, 5] determined the forms that the constitutive relations must take in order to be consistent with the second law of thermodynamics. Coleman, Hrusa, and Owen [8] then established the existence of a global, smooth classical solution when smooth data that lie sufficiently close to equilibrium are prescribed.
It should be noted that Cattaneo's equation is not the only attempt to model second sound. Gurtin and Pipkin [11] develop a general theory of heat flow in rigid bodies with memory which predicts finite speed of propagation for thermal disturbances. Chen and Gurtin [3] extend the theory to include deformable media and present an example for which the heat flux relation reduces to a form of Cattaneo's law. Another approach, first advanced by Miiller [17] is to introduce a generalized temperature function and a suitably generalized form of the second law of thermodynamics. This results in a hyperbolic heat transport equation without modification of the Fourier heat conduction law. The survey paper of Chandrasekharaiah [2] presents a discussion of these and other theoretical approaches to second sound as well as a discussion of experimental results. Joseph and Preziosi [14] present a detailed chronology of published works on the subject of heat propagation by waves.
The organization and exposition of this paper is similar to that of [12] in which classical heat conduction is investigated. It is important to note that we again make crucial use of the thermodynamic relations to obtain the energy estimate for lowest order terms, an estimate that cannot be obtained using a Poincare inequality when the body is unbounded. Although much of the analysis here is similar to that of [12] , the results differ slightly in that less smoothness is required of the initial data for the Cattaneo problem.
2. Thermodynamics. We consider a homogeneous body that has unit reference density and occupies an interval c R in its reference configuration. We assume that the motion is that of one-dimensional extension. For such a body, the laws of balance of momentum, balance of energy, and growth of entropy take the forms: utt = ax + b> (2-!)
where u is the displacement, £ = ux is the strain, a is the stress, b is the body force, e is the internal energy, r is the heat supply, ?/ is the entropy, 6 is the (absolute) temperature, and q is the heat flux. We assume that these fields depend smoothly on the material point x £ B and the time t > 0. Furthermore, the strain and temperature are required to satisfy
Here, a subscript is used to indicate a partial derivative. Define the free energy y/ through the relation y/ = e-drj, (2.5) and put 8 = 0X (2.6) for the temperature gradient. Then we may combine Eqs. (2.2) and (2.3) to produce the Clausius-Duhem inequality + r1et -aet + ^ < 0.
(2.7)
The constitutive relations that describe a thermoelastic medium in which heat conduction is governed by Cattaneo's law are y/ = (//(e, 6, q), a = a(e, 6, q), r) = fj(e, 6, q), e = e(e,0,q), (2.8) and
where <j/, d, fj, e, z, and k are smooth functions. We shall refer to Eq. (2.9) as Cattaneo's law. Here r is the thermal relaxation time and k is the thermal conductivity.
On physical grounds, it is reasonable to assume that there exists a temperature 6 such that when e = q = 0 and 6 = 6, the specific heat, the elastic modulus, the thermal relaxation time, and the thermal conductivity are positive while the stresstemperature modulus is nonvanishing; i.e., Using techniques developed in Coleman and Noll [7] and Coleman and Mizel [6] , one can show that necessary and sufficient conditions for the Clausius-Duhem inequality (2.7) to hold are given by y/{e,6,q) = y/°{e, 6) + ^(e, 6)q2, a{e,6,q) = \j/e{e,6,q), (2.11) f){e,d,q) = -&0(e, 6 , q), and k>0 (2.12) where v(£ e)= T{e'e) X[,) dK{e,ey ( An excellent introduction to the techniques involved here can be found in [9] .) It is not universally accepted that the heat flux should appear in the free energy as a quadratic as is indicated by the methods of Coleman et al. (See, e.g., [10] in which Cattaneo's law is assumed, yet the free energy is taken to be independent of the heat flux.) We will not address this question here. We do note, however, that our conclusions will hold with less restrictive assumptions about the dependence of y/ on q .
It follows from Eqs. (2.5) and (2.11) that the internal energy is given by e(e, 0, q) = 0, q) -6y/g{e, 0, q), (2 We further assume that the heat flux is given by Eq. (2.9). We seek smooth solutions to the system of equations (2.1), (2.2), (2.9) when the initial values for displacement, velocity, temperature, and heat flux are given. Thus we consider the initial value problem
r(e, 6)qt + q = -k(e, 6)6x, (3.3)
Vxe J1, t > 0; u{x, 0) = u0{x), ut(x,0) = ul{x),
Vx e 38 where uQ, w, , 0Q, and q0 are prescribed functions. In the statements and proofs of the theorems, differentiation is to be interpreted in the sense of distributions. L (38) denotes the space of square-integrable functions on 38, and Hk(3S) denotes the Sobolev space of functions in L'(38) whose derivatives through order k belong to l}(38). We use C([0, T); L2(3?)), Z.2([0, T); L.2(£8)), and L°°([0, T); L2(3?)) to denote, respectively, the space of continuous, squareintegrable, and essentially bounded functions on [0, T) whose values lie in L (j We assume that the thermodynamic relations (2.11) hold and that there is a fixed temperature 0 > 0 such that the physical assumptions (2.10) hold; that is, \j>(e, 0, q) = ^°(e, 0) + j/(e, 6)q2, d(e, 6, q) = y/e(s, 6, q), (3.5) rj ( and llMoll//2(J^) + IIM1 + 11^0 ~~ ^Wh2{SS) + H^oH//2^) < P ' (3) (4) (5) (6) (7) (8) where a prime indicates differentiation with respect to the single variable, then the initial-value problem (3.1)-(3.4) has a unique solution (u, 0, q) with
0.y;, 9n,q,qx,q,,qxx,qxt,qn We now turn our attention to an analogous problem on a bounded interval. Suppose that, in its reference configuration, the body occupies the interval [0,1] and obeys the boundary conditions w(0, t) = m(1 , /) = <y(0, t) = q(l, t) = 0 V/> 0.
(3.14)
The corresponding existence result is with 2. The theorems can be modified to accommodate a nonzero body force b and nonzero heat supply r provided b and r are smooth, integrable, and sufficiently small in the Sobolev sense. We must also require some boundary compatibility of b and r in Theorem 2.
3. In Theorem 2, any bounded interval can be mapped to [0, 1] by scaling. The choice of boundary conditions ensures that all boundary terms in the energy estimates will vanish. It may be possible to establish a similar existence theorem under other boundary assumptions, but such an undertaking is not within the scope of this paper.
4. In Theorem 2, it is not necessary to assume the thermodynamic relations. We can replace Eq. e(e, d, q) = e(e, 6, -q) Vq.
5. In the proof given in Sec. 4, the order and method of estimations have been chosen sothat the proof will remain valid for both theorems. 4 . Proof of theorems. We begin the proof of Theorem 1 by choosing 6 e (0, oo) a fixed reference temperature. We assume that y/°, t , k belong to C4((-l, oo) x (0, oo)) and that Eqs. The result stated in the lemma follows directly from the results of Hughes, Kato, and Marsden [13] . Details of how to apply [13] can be found in Sec. 5 .
We now wish to show that if Eq. We proceed to show that for UQ small
E{t)<X-82 V/ € [0, T0). (4.14)
It is a direct result of the Sobolev embedding theorem that (:ux + {6-6)2+ q2)<E(t) Vx€^, /6[0,ro) (4.15) from which we conclude that if Eq. (4.14) holds, both Eqs. (4.8) and (4.9) are satisfied, and hence TQ = oo . To establish Eq. (4.14), we derive a series of energy estimates. Let us introduce A(x, t) = [a~\d -eE)](s(x, t), 9{x , t), q{x , t)), = A{x, t)ac(e(x, t), d{x, t), q(x, 0), = [a -e.](e(x, t), 0(x, t), q{x, t)),
H{x, t J(x, t = A(x, t)aq{e(x, t), d(x, t), q{x, t)), = eg{e(x, t), 6(x, t), q{x, t)), = [?~lKeg\(e(x, t), 6{x, t), q(x, t)),
= [?~leq](£(x, t), 6(x, t), q(x, t)), = [aT't](£(x, t), 9{x, t), q(x, t)),
= /c"'(e(x, t), 6(x, t), q(x, /)), The overall strategy of the proof is to obtain the inequality (4.52) below. The bulk of the proof consists of standard estimating techniques: using energy type identities and using the equations of motion to obtain estimates in terms of previously bounded quantities. Readers familiar with such techniques may wish to concentrate attention upon the derivation of Eq. (4.41). This estimate is derived from an energy identity, but does not arise in the usual fashion; the identity is motivated by the form of the inequality (2.16) and is derived from the thermodynamic relations. It is interesting to note that for the case of a bounded interval, Eq. (4.41) would follow from higher order estimates and judicious use of Poincare type inequalities; whereas in the case of an unbounded interval, the use of the thermodynamic relations is crucial to obtain the estimate.
In the following series of estimates, we will employ the elementary inequalities \ab\ < ya2 + -^b' Vy > 0, (4.26) with the special case and \ab\<X-{a +b2) (4.27)
<"itar (4-28)
We also let T denote a (possibly large) generic positive constant that is independent of T0, u0, Wj, 60 , and q0 . We note that T is allowed to depend on 6, ml through m5, and on bounds for t , k , a, e, and their derivatives on the compact set Q c can be majorized in a manner similar to the above example; thus we obtain the a priori bound fyxx+»xt+°i+ q2x){x, t) dx + II, Q2xix, s)dx ds <r u0 + r»(t)E(t).
Similarly, we multiply Eqs. The formal calculations can be made rigorous by employing standard techniques involving difference operators and passing to the limit.
As previously noted, we use a more unconventional technique to achieve similar bounds on the lower order terms (uv, ut, 6 -8 , q). It follows from Eq. where Y is independent of T, u0, ul, 60, and q0 . We choose a > 0 such that a < , f(a1/2 + a + a2 + Q4) < 1, [8] .) 5 . Local existence. The local existence lemma stated in Sec. 4 is a consequence of the paper by Hughes, Kato, and Marsden [13] . To see this, we first introduce v(x, t) = ut(x, /), <p{x, t) = 6{x, t) -6.
We note that Eqs. where / is the identity operator on Y . The norm N(W) is equivalent to the usual norm on Z by virtue of the boundedness of the coefficients on the set Q and the lower bounds expressed in Eq. (4.29). The operator S is an isomorphism from Y to Z and s/ generates a quasi-contractive C0-semigroup. The assumptions of Theorem I of [ 13] are then satisfied, and the local existence lemma stated in Sec. 4
follows.
For the case of a bounded interval, we can adapt the theorem of the paper by modifying the spaces X, Y, Z , and Z'. Denote the space of H^c functions that are periodic with period 2 by //'" and equip this space with the norm Nlm,P(R) = ll"IL(-i»!)
where ||-||m(-l, 1) is the usual norm on Hm (-1, 1) . Then replace the spaces in Eq. (5.2) with their periodic analogs and replace the norm Eq. (5.3) with its analog. For prescribed periodic initial data, we are guaranteed a periodic solution (e,v,<p,q). We extend the initial data (defined originally on [0, 1]) to K so that u'0, 90 are even periodic functions of x and u{, q0 are odd periodic functions of x . The compatibility conditions (3.15) ensure that the extended initial data will lie in the space Y. Consider the set *V of vector-valued functions with first and third components even and second and fourth components odd. We previously imposed a symmetry condition (3.21) on the stress and internal energy functions of the form a(e, 9, q) = a{e, 9, -q), e(e, 9, q) = e{e, 9, -q).
The structure of sf indicates that the solution operator of Eq. (5.1) is invariant on 'V . Therefore, the solution of Eq. (5.1) has the property that e, 9 are even periodic functions and v , q are odd periodic functions so that the boundary conditions (3.14) are automatically satisfied.
